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1. Introduction
In 1911 W. Burnside proved that any permutation group containing a regular cyclic p-subgroup is
either 2-transitive or imprimitive [10]. A different proof of this result as well as a generalization of it
to an arbitrary cyclic group of composite order was given by Schur [47] who wrote the following:
In dem von ihm behandelten Falle einer Primzahlpotenz beweist Burnside den Satz mit Hilfe der
Theorie der Gruppencharaktere, was ein Operieren mit Einheitswurzeln erfordert. Ich führe den Beweis
unter Vermeidung von Irrationalitäten irgendwelcher Art. Es wird zunächst der durch die Burnsidesche
Vermutung nahegelegte allgemeine Fall einer beliebigen regulären Permutationsgruppe H studiert, die
in einer umfassenderen Gruppe G desselben Grades eingebettet ist. Hierdurch entsteht ein Zerfallen der
Elemente von H in gewisse Teilkomplexe, die ich als die primären Komplexe von H bezeichne. Eine
Hauptrolle spielt bei uns die Tatsache, daß diese Komplexe die ‘‘Ringeigenschaft’’ besitzen.
Inmodern terms the idea of Schurwas to study subrings of a group ringC[G] that have a linear base
coming from a special partition of the group G. A theory of these rings was developed by H. Wielandt
in his book on permutation groups [50] in which he calls them S-rings (Schur rings). At approximately
the same time the foundations of representation theory of S-rings were laid down by O. Tamaschke
(see [49] and references there).
An interest in S-rings was revived in the late 1970s by pioneering papers of Klin and Pöschel [45,
26] who realized that S-rings constitute a very effective tool for studying the isomorphism problem
of circulant graphs. Since then the attention of researchers switched to S-rings over a cyclic group.
A complete characterization of S-rings over a cyclic p-group was given by Pöschel, Klin, and
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collaborators [45,20]. At the same time it became clear that the theory of S-rings is a part of the theory
of association schemes [24]. Finally, a further work on the isomorphism problem of circulant graphs
led to the complete solution of this problem in [12,36].
In comparison to the prime power case the structure of S-rings over an arbitrary cyclic group is
much more complicated. One reason for this is that not all S-rings arise from permutation groups
in the way given by Schur [13]. Nevertheless, at the end of 1990s it was proved by K.H. Leung and
S.H. Man that any S-ring over a cyclic group can be constructed from quite special S-rings by means
of tensor products and wedge products [30,31]. The class of these special S-rings was completely
analyzed in [14] where the Leung–Man result was substantially strengthened.
In this paper we don’t pretend to give a detailed exposition of S-ring theory. The main goal is to
clarify the relationship between association schemes and S-rings, to survey the most fundamental
results in S-ring theory and to describe a few of its significant applications. A lot of details not
presented here can be found in [43].
2. Definitions, notation, examples
Throughout the paper G is a finite, multiplicatively written, group with identity e. For a set X ⊂ G
and an integer m we set X (m) = {xm : x ∈ X}. The formal sum of the elements of X is denoted by X ,
andwe treat this element as an element of the group ringC[G]. Given S ⊂ 2G we set S = {X : X ∈ S}.
Definition 2.1. A ring A ⊂ C[G]1 is called an S-ring (Schur ring) over the group G if there exists a
partition S = S(A) of G satisfying the following conditions:
(1) the set S is a linear basis ofA,
(2) {e} ∈ S,
(3) X (−1) ∈ S for all X ∈ S.
It can be proved that a linear space A ⊂ C[G] is an S-ring over G if and only if the following two
conditions are satisfied:
• A is closed with respect to the operation∑x axx 7→∑x axx−1,• A is a ring with identity {e} (resp. G) with respect to the ordinary (resp. the componentwise)
multiplication.
In particular, the set S coincides with the set of primitive idempotents of A treated as a
commutative algebra with identity G with respect to the componentwise multiplication. Thus the
standard basis S, like the partition S, is uniquely determined.
The equivalent definition of an S-ring given in the previous paragraph shows that the set of all
S-rings over the group G is closed under the intersection. Therefore this set is a lattice with respect
to inclusion: the minimal and maximal elements are the S-rings corresponding to the partitions of G
respectively in two classes ({e} and G \ {e}) and into singletons.
A partition S of G is called a Schur partition if is satisfies conditions (2), (3) and A := 〈S〉 is a
subalgebra of C[G]. One can see that there is a 1–1 correspondence between S-rings over G and Schur
partitions of G. The elements (classes) of S are called the basic sets of A; the number rk(A) = |S| is
called the rank ofA.
Any union of basic sets of the S-ring A is called an A-set. Thus X ⊂ G is an A-set if and only if
X ∈ A. The S-ringA is called imprimitive if there is a proper non-trivialA-subgroup of G; otherwise
A is called primitive.
LetA′ be an S-ring over a group G′. A group isomorphism f : G→ G′ is called a Cayley isomorphism
fromA toA′ if the ring isomorphismC[G] → C[G′] induced by f mapsA intoA′. The set of all Cayley
isomorphisms fromA toA′ is denoted by Isocay(A,A′). The group of Cayley automorphisms leaving
fixed any basis set is denoted by Autcay(A).
1 Most of the results discussed in this paper (with the exception of those on duality) hold for S-rings defined over the field
of rationals and even over the ring of integers.
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An algebra isomorphism ϕ : A → A′ is called an algebraic isomorphism if it maps the standard
basis ofA into the standard basis ofA′. It is easily seen that any Cayley isomorphism f fromA toA′
induces the algebraic isomorphism ϕ between these rings that satisfies ϕ(X) = f (X) for all A-sets
X ⊂ G. However, not every algebraic isomorphism is induced by a Cayley isomorphism.
2.1. Permutation groups and Schurian S-rings.
Let Γ be a permutation group containing a regular subgroup G. Then the set on which Γ acts can
be identified with G so that
Gright ≤ Γ
whereGright is the group of right translations ofG. Denote byA(Γ ) the linear subspace ofC[G] spanned
by the orbits of the group Γe = {γ ∈ Γ : eγ = e}; more precisely,
A(Γ ) = Span{X : X ∈ Orb(Γe,G)}. (1)
The following statement proved by Schur [47] explains what we meant in the introduction by saying
that an S-ring arises from a permutation group.
Theorem 2.2. The linear spaceA(Γ ) is an S-ring over the group G with S(A) = Orb(Γe,G).
A family of S-rings not arising from a permutation group was given in [50, Theorem 26.4] (any
member of this family is an S-ring of rank 5 over an elementary abelian p-group of order p2 where
p ≥ 5). In [45] such an S-ring was called non-Schurian. Set Sup(Gright) = {Γ ≤ Sym(G) : Gright ≤ Γ }.
Definition 2.3. An S-ring A over a group G is called Schurian if A = A(Γ ) for some permutation
group Γ ∈ Sup(Gright).
It should be noted that in general the group Γ is not uniquely determined. In fact, given Γ ′ ∈
Sup(Gright) we have A(Γ ) = A(Γ ′) if and only if the groups Γ and Γ ′ are 2-equivalent, i.e. have
the same orbits in the componentwise action on G × G. However, the class of 2-equivalent groups
contains the largest group and this group coincides with the automorphism group of the Cayley
scheme corresponding to the S-ringA (see Section 2.2).
A lot of examples of Schurian S-rings arise from affine linear groups over a finite field (in this case
G is the translation group). More generally, let Γ = G · K be a semidirect product of a group G and
a group K ≤ Aut(G), acting on G in a natural way. Then the S-ring A = A(Γ ) is called an orbit S-
ring and denoted by O(K ,G). When G = R+ is the additive group of a commutative ring R and K is a
subgroup of its multiplicative group R×, the S-ringA is called the cyclotomic ring over R.
Theorem 2.2 enables us (and it was the idea of Schur) to express some properties of a permutation
group Γ ∈ Sup(Gright) in terms of the S-ring A = A(Γ ). For example, Γ is 2-transitive
(resp. primitive) if and only if rk(A) = 2 (resp. A is primitive). Moreover, the Γ -blocks containing
the element e are in 1–1 correspondence withA-subgroups of G.
2.2. Cayley schemes
For a group G denote byR(G) the set of all binary relations on G that are invariant with respect to
the group Gright . Then the mapping
2G → R(G), X 7→ RG(X)
where RG(X) = {(g, xg) : g ∈ G, x ∈ X} is a bijection. IfA is an S-ring over the group G, then the pair
C(A) = (G, RG(S))
where RG(S) = {RG(X) : X ∈ S} is called a Cayley (association) scheme over G in the sense of the
following definition (for basic facts concerning association schemes we refer the reader to [15]).
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Definition 2.4. A scheme (G,R) for which Gright ≤ Aut(G,R) is called a Cayley scheme over the
group G.
It is easily seen that any scheme admitting a regular automorphism group is isomorphic to a Cayley
scheme over this group. Among these schemes one can find, for instance, the Hamming scheme, the
cyclotomic schemes over a finite field, the schemes of affine linear groups over finite fields.
Each basis relation R of a Cayley scheme C = (G,R) is a Cayley (di)graph over the group G with
connection set R(e) = {g ∈ G : (e, g) ∈ R} (see Section 2.3). Moreover, the set
S = {R(e) : R ∈ R}
forms a Schur partition of the group G. Therefore the linear space A(C) spanned by the set S is an
S-ring over G.
Theorem 2.5 ([24]). The correspondenceA 7→ C(A),C 7→ A(C) induces a bijection between the S-rings
and Cayley schemes over the group G that preserves the natural partial orders on these sets.
The correspondence given in Theorem 2.5 shows that S-rings and Cayley schemes provide two
different ways to talk about the same thing. For example, an S-ring is primitive (resp. of rank 2) if
and only if so is the corresponding Cayley scheme. Similarly, the S-rings corresponding to cyclotomic
schemes over a ring studied in [18] are exactly the cyclotomic S-rings defined above.
The following definition gives another type of isomorphism between S-rings. Let A and A′ be S-
rings over groups G and G′ respectively. (In what follows the identity element of G′ is denoted by e′.)
Definition 2.6. A scheme isomorphism fromC(A) toC(A′) taking e to e′ is called the (combinatorial)
isomorphism fromA toA′.
The set of all isomorphisms fromA toA′ is denoted by Iso(A,A′). It was proved in [26] that this
set consists of all bijections f : G→ G′ such that ef = e′, (S(A))f = S(A′) and
(yX)f = yf X f , y ∈ G, X ∈ S(A).
The set Iso(A,A) is obviously a group. It has a normal subgroup Aut(A) consisting all isomorphisms f
such that X f = X for all X ∈ S(A); any such f is called a (combinatorial) automorphism of the S-ringA.
One can see that
Aut(A) = Aut(C)e, Aut(C) = Aut(A)Gright (2)
where C = C(A). In particular, the S-ringA is Schurian if and only ifA = A(Γ )with Γ = Aut(C).
It is easily seen that any Cayley isomorphism is a combinatorial isomorphism and each
combinatorial isomorphism induces an algebraic isomorphism, but the converses of these two
statements do not hold.
Definition 2.7 ([13]). An S-ring is called separable if any algebraic isomorphism from it to another
S-ring is induced by a combinatorial isomorphism.
Clearly, group rings and S-rings of rank 2 are separable. Non-trivial examples of separable S-rings
can be obtained from Theorems 4.6 and 4.7. The interest in these rings comes from the fact that Cayley
schemes corresponding to separable S-rings are uniquely determined (up to isomorphisms) in the
class of all Cayley schemes by their intersection numbers.
2.3. Cayley graphs
In this subsection, G is a finite group and X ⊂ G.
Definition 2.8. A Cayley graph Cay(G, X) is a (di)graph with vertex set G and the set of arcs {(x, y) :
xy−1 ∈ X}; the set X is called the connection set of Cay(G, X).
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It is easily seen that a Cayley graph Cay(G, X) is undirected (resp. loopless, connected) if and only
if X = X−1 (resp. e 6∈ X , X generates G).
It immediately follows from the definition that Gright is a subgroup of the group Aut(Cay(G, X)).
Conversely, any graph admitting a regular automorphism group G is isomorphic to a Cayley graph
Cay(G, X) for some set X ⊂ G. Thus any vertex-transitive graph with a prime number p of vertices is
isomorphic to a Cayley graph over a cyclic group of order p.
The intersection of all S-ringsA over G for which X is anA-set is also an S-ring over G. Denote by
C(G, X) the Cayley scheme corresponding to this S-ring. Then
C(G, X) = 〈〈Cay(G, X)〉〉 (3)
where the right-hand side 2 is the smallest scheme on G containing the set of arcs of the graph
Cay(G, X) as a relation. In particular,
Aut(C(G, X)) = Aut(Cay(G, X)).
We will revisit Cayley graphs in Section 5.
2.4. Difference sets and S-rings
Let G be a group of order n. The following definition can be found in [7].
Definition 2.9. A set S ⊂ G is called a partial difference set in G if the list of elements gh−1 with
different g, h ∈ S, contains each element g ∈ G \ {e} either λ or µ times, depending on whether or
not g belongs to S.
The integers n, k = |S|, λ and µ are called the parameters of S. A partial difference set S is called
reversible if S(−1) = S. One can see that a Cayley graph Cay(G, S) is strongly regular with parameters
n, k, λ and µ if and only if e 6∈ S and S is a reversible partial difference set in Gwith these parameters.
Due to Theorem 2.5 this implies the following statement [35].
Theorem 2.10. Let G be a group and S a subset of G such that e 6∈ S and S(−1) = S. Then S is a partial
difference set in G if and only if the partition of G in three classes {e}, S and G\ (S∪{e}) is a Schur partition
of G.
Partial difference sets naturally appear in many parts of combinatorics. For example, it was proved
in [11] that some special partial difference sets in the translation group of a linear space over a finite
field are in 1–1 correspondence with projective two-weighted codes in the corresponding projective
space.
3. Schur–Wielandt theory
3.1. Multiplier theorems
The two theorems of this subsection form the basis of the Schur theory of S-rings over abelian
groups. In [9] they were called the multiplier theorems.
Theorem 3.1. Let A be an S-ring over an abelian group G, X ∈ S(A), and m an integer coprime with the
order of G. Then X (m) ∈ S(A).
2 In [15] this scheme is denoted by [Cay(G, X)].
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One can see that for any abelian group G the center Z(Aut(G)) of the group Aut(G) consists of all
permutations of G of the form g 7→ gm where m is as in Theorem 3.1. Therefore the assertion of this
is equivalent to the inclusion
Z(Aut(G)) ≤ Isocay(A,A). (4)
At present, no generalization of the theorem to S-rings over a non-abelian group is known.
Almost a direct consequence of Theorem 3.1 is the following complete characterization of S-rings
over a cyclic group of a prime order. In fact, this statement is an S-ring version of the well-known
Burnside theorem on transitive permutation groups of a prime degree.
Corollary 3.2. Any S-ring over a cyclic group of prime order p is Cayley isomorphic to a cyclotomic S-ring
over a field of order p.
In general, Theorem 3.1 is not true for an integer m which is not coprime with the order of G (a
simplest counterexample is given by an S-ring of rank 2 over a cyclic group of composite order).
However, even in this case some information on basic sets can be obtained. Namely, given X ⊂ G
set
X [m] = {xm : x ∈ X, |xE ∩ X | 6≡ 0 (mod m)}
where E = {g ∈ G : gm = e}. The following statement is known as Schur’s second theorem on
multipliers.
Theorem 3.3. Let A be an S-ring over an abelian group G, X ∈ S(A), and m a prime divisor of the order
of G. Then X [m] is anA-set.
3.2. The Schur–Wielandt theorem
LetA be an S-ring over a group G. Given anA-subgroup H ≤ G one can form the Schur partitions
SH = {X ⊂ H : X ∈ S(A)}, S/H = {XH/H : X ∈ S(A)} (5)
of the groups H and G/H respectively (in the latter case H must be normal in G). When H is a non-
trivial proper subgroup of G a lot of information onAmay be retrieved from the S-ringsAH andA/H
corresponding to these partitions. In a sense, this gives a reduction of an imprimitive S-ring to S-rings
over smaller groups.
The primitive case seems to be much more complicated. For example, a characterization of all
Schurian primitive S-rings over an elementary abelian p-groupG is closely related to a characterization
of all irreducible linear groups over a field of order p. Nevertheless, for abelian groups Gwith a cyclic
Sylow subgroup a complete characterization of primitive S-rings over G can be obtained by means of
Corollary 3.2 and the following theorem.
Theorem 3.4. Let A be a primitive S-ring over an abelian group G of composite order which has at least
one cyclic Sylow subgroup. Then rk(A) = 2.
Theorem3.4wasprovedbyW.Burnside for a cyclicp-groupG, by I. Schur for arbitrary cyclic groups,
and byH.Wielandt in general [50]. It should be noted that in spite of the fact that all these results were
formulated for Schurian S-rings, the proofs of Schur and Wielandt work for arbitrary S-rings.
Following Wielandt a finite group G is called a Burnside group (for short a B-group) if every
primitive group containing the regular subgroup isomorphic to G is doubly transitive. Thus any of
the groups in Theorem 3.4 is a B-group. Some other examples of B-groups can be found in [50,6,46].
In principle, it seems to be possible to classify all B-groups by means of the classification of finite
simple groups [5]. However, as was mentioned in [16], most of the known B-groups G satisfy a priori
a stronger condition: every primitive S-ring over G is of rank 2. Due to the existence of non-Schurian
S-rings a classification of such groups G is probably a more difficult problem.
From Theorem 3.4 it follows that any cyclic group G is a B-group. Let us identify Gwith the additive
group of the ring Zn of integers modulo n = |G|. Then the group Z(Aut(G)) can be treated as the
multiplicative group of Zn. So in the cyclic case the inclusion (4) means that every S-ring over G is an
S-ring over the ring Zn in the sense of the following definition given in [16].
1532 M. Muzychuk, I. Ponomarenko / European Journal of Combinatorics 30 (2009) 1526–1539
Definition 3.5. LetA be an S-ring over a group G and R a finite commutative ring with additive group
R+ andmultiplicative group R×. We say thatA is an S-ring over the ring R if G = R+ andA is invariant
with respect to the induced action of R× on R by multiplication.
Among the S-rings over rings the cyclotomic S-rings over commutative rings R play an important
role. Such an S-ring is primitive as an S-ring over R (i.e. contains no R×-invariantA-subgroups of R+
other than 0 and R) if and only if R is a finite field. The following statement proven in [16] gives a
common generalization of Corollary 3.2 and Theorem 3.4.
Theorem 3.6. Let R be a finite commutative ring with identity. If every primary component of R is a local
ring, then each primitive S-ring over R is either of rank 2 or cyclotomic. In the latter case R is a field.
It seems to be interesting to develop a theory of S-rings over non-commutative rings and to get an
analog of Theorem 3.6.
3.3. Duality theory
As was mentioned before, Schur treated S-rings as an alternative to character theory of finite
groups. However, the latter is proved to be very useful in studying S-rings [30,16]. The basics of
character theory of S-rings were developed by Tamaschke (see [49] and references there). In this
subsection we consider only the concept of the dual S-ring.
LetG be a finite abelian group and Ĝ the group dual toG. Recall that the elements of Ĝ are irreducible
complex characters ofG and the groupoperation is the pointwise product of complex-valued functions
on G. Given χ ∈ Ĝ and X ⊂ G, we set
χ(X) =
∑
x∈X
χ(x).
Let A be an S-ring over G. Denote by Ŝ the set of classes of the equivalence relation on Ĝ defined
as follows:
χ1 ∼ χ2 ⇔ χ1(X) = χ2(X), X ∈ S
where S = S(A). Then from [4, Theorem 6.3] it follows that Ŝ is a Schur partition of the group Ĝ. The
S-ring Â corresponding to this partition is called dual toA. One can see that
S(Â) = Ŝ, rk(A) = rk(Â).
It can also be proved that the S-ring dual to Â is Cayley isomorphic toA. Moreover,H is anA-subgroup
of G if and only if H⊥ is an A-subgroup of Ĝ where H⊥ = {χ ∈ Ĝ : H ≤ ker(χ)}. This proves the
following theorem [4].
Theorem 3.7. Let A be an S-ring over a finite abelian group G. ThenA is primitive if and only if so is the
dual ring Â.
At present the duality theory of S-rings is far from being complete. For example, it would be
interesting to knowwhen the Schurity of an S-ring implies the Schurity of the dual S-ring. Some results
on the duality for cyclotomic S-rings over finite rings can be found in [18,19].
We finish this subsection by mentioning the important class of CS-rings introduced by Tamaschke
in [49]. This class consists of S-rings the center of which is again an S-ring. The interest in CS-rings
arises from the fact that some facts on character theory of finite groups still hold for CS-rings. For
instance, the product of two irreducible characters is a linear combination of irreducible characters.
Recently, an association scheme analog of CS-rings was studied in [21].
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4. S-rings over a cyclic group
4.1. Special classes of S-rings
By Corollary 3.2, a cyclic group G of prime order p is a Schur group, i.e. any S-ring over G is Schurian.
This concept was introduced by Pöschel in [45] where he also proved that for odd p any cyclic p-group
G is a Schur group. (In fact, he showed that in the class of p-groups with p ≥ 5 only a cyclic group
can be a Schur group.) It should be noted that this result is obtained as a by-product of a complete
classification of S-rings over a cyclic p-group G. For p = 2 the classification was obtained in [25,20]
and shows that a cyclic 2-group is also a Schur group. Thus we have the following statement.
Theorem 4.1. Any S-ring over a cyclic p-group is Schurian.
The classification of S-rings over a cyclic p-group G is based on the fact that any such ring A can
be uniquely determined (up to a Cayley isomorphism) by a special list of invariants. Roughly speaking
this list includes firstly the linear ordered set ofA-subgroups of G and secondly the type of a basic set
of A contained in H ′ \ H for any two successive A-subgroups H < H ′. Using such a list the number
of S-rings over a cyclic p-group was found in [34] for odd p. (A partial result for p = 2 was obtained
in [27].)
There are two more classes of S-rings over a cyclic group Gwhich were completely classified. The
first of them consists of all S-rings over a cyclic group of order pqwhere p 6= q are primes [26]. In this
case G is again a Schur group. The second class consists of all S-ringsA such that
Aut(G) ≤ Aut(A).
The S-ring satisfying this property is called rational. An inductive construction of basic sets of rational
S-rings over a cyclic group was found in [29]. Independently, it was proved in [37] that such an S-ring
A is uniquely determined by the lattice of A-subgroups. It seems to be true that any rational S-ring
over a cyclic group is Schurian.
There are no results on the separability of S-rings considered in this subsection. On the other hand,
all of them are uniquely determined by the invariants preserved by algebraic isomorphisms. Therefore
there is a hope that all these S-rings are separable. In connection with algebraic isomorphisms we
would like to mention the following result [38].
Theorem 4.2. Let A and A′ be S-rings over a cyclic group G. Suppose that A and A′ are algebraically
isomorphic. ThenA = A′.
4.2. Generalized wreath product
Until the beginning of the 21st century all non-Schurian S-rings were S-rings over non-cyclic
groups. Looking at Theorem 4.1 and taking into account the fact that Schur himself mainly worked
with S-rings over a cyclic group, it was quite natural to restrict his conjecture (that all S-rings are
Schurian) to S-rings over cyclic groups. This was done by M. Klin in 1979 when he gave a series of
lectures on this subject at the Kiev algebraic seminar. More precisely, he conjectured that any S-ring
over a cyclic group is Schurian. The conjecture was open for a long time and only recently was it
answered, negatively, in [13] where the following theorem was proved.
Theorem 4.3. Let n = p1p2p3p4n′ where p1, p2, p3, p4 are primes such that {p1, p2} ∩ {p3, p4} = ∅ and
n′ is a positive integer, and D = GCD(p1 − 1, p2 − 1, p3 − 1, p4 − 1). Then:
(1) if D > 2, then there exist non-Schurian S-rings over a cyclic group of order n;
(2) if D is not square-free, then there exist non-separable S-rings over a cyclic group of order n.
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The smallest examples of non-Schurian as well as non-separable S-rings guaranteed by
Theorem 4.3 arise for n = 52 · 132 in the general case and for n = 5 · 13 · 17 · 29 if n is supposed to
be square-free. At present no non-Schurian S-ring over a cyclic group the order of which is a product
of three primes is known.
Any of the S-rings mentioned in Theorem 4.3 arises as the iterated generalized wreath product
of orbit S-rings. Roughly speaking the generalized wreath product of two S-rings is obtained by
identifying a factor S-ring of the first operand with a sub-S-ring of the second one.3 Saying that the
generalized wreath product is non-trivial we mean that none of its operands is an S-ring over the
trivial group.
The exact definition of the generalized wreath product of two S-rings appears in [30] (under the
namewedge product) and independently in [13].4 The generalized wreath product of two group rings
coincides up to language with the generalized wreath product of two abstract groups introduced by
D.K. Faddeev (1950s; see [23, p. 46]). Recently, the wedge product of association schemes was defined
and studied in [40].
Let A be an S-ring over a cyclic group G. Then the group Aut(G) acts transitively on the set of its
generators. By Schur’s first theorem on multipliers this implies that the group
rad(X) = {g ∈ G : Xg = gX = X}
does not depend on the choice of X ∈ S(A) such that X contains a generator of G. We call this group
the radical ofA and denote it by rad(A).
Theorem 4.4 ([14]). An S-ring A over a cyclic group is a non-trivial generalized wreath product if and
only if the group rad(A) is non-trivial.
By definition, the S-ringA is a generalized wreath product if there exists anA-subgroup U and a
normalA-subgroup L ≤ U such that
L ≤ rad(X), X ∈ S(A), X ⊂ G \ U . (6)
(A generalized wreath product is called trivial if U = G or L = {e}.) It was proved in [14] that in
this case given a function f : G/U → L with f (U) = e, the permutation of G taking x to xf (Ux) is a
combinatorial automorphism of the S-ring A. Thus a non-trivial generalized wreath product admits
non-trivial combinatorial automorphisms. Together with Theorems 4.4 and 4.10 this leads to the
following result.
Theorem 4.5 ([14]). LetA be an S-ring over a cyclic group G. ThenAut(A) = {e} if and only if A = C[G].
4.3. Normal S-rings
Most of the combinatorial automorphisms mentioned before Theorem 4.5 are not Cayley
automorphisms. On the other hand, in the category of S-rings it is more natural to look for Cayley
automorphisms. Therefore normal S-ringsA, i.e. those for which
Autcay(A) = Aut(A),
are of particular interest. An equivalent definition of normality (which was in fact the original one
in [14]) is that
Gright C Aut(C(A))
where G is the underlying group of the S-ring A (cf. (2)). Clearly, the group ring is always normal
whereas the S-ring of rank 2 over a cyclic group G is normal only if |G| ≤ 3. The following criterion
for the normality of an S-ring over a cyclic group was obtained in [14, Theorem 6.1].
3 A sub-S-ring and a factor S-ring are defined by means of (5).
4 It should be noted that the generalized wreath product of S-rings is a special case of a quite general construction described
in [39, Theorem 5.2].
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Theorem 4.6. An S-ring A over a cyclic group G is normal if and only if A = O(K ,G) for some group
K ≤ Aut(G) such that |rad(eK )| ≤ 2 and Aut(H) 6≤ K where H is the Sylow p-subgroup of G with p ≥ 5
and |H| = p.
The condition |rad(eK )| = 2 in Theorem 4.6 is satisfied only if the S-ring A is a non-trivial gen-
eralized wreath product; in the latter case |rad(A)| = 2, and in formula (6) we have |L| = |G/U| = 2.
For cyclic groups of prime order, Theorem 4.6 yields Burnside’s theorem on permutation groups of
prime degree. Here is another important consequence of Theorem 4.6.
Theorem 4.7 ([14]). Any normal S-ring over a cyclic group is Schurian and separable.
The second statement of Theorem 4.7 can be strengthened: if A is a normal S-ring over a cyclic
group and rad(A) = {e}, then any algebraic isomorphism of A to another S-ring is induced by a
Cayley isomorphism. This follows from the fact that any such S-ring is generated (as an S-ring) by
any basic set containing a generator of the cyclic group. In principle, this statement could be used
to classify normal Cayley digraphs over a cyclic group. A generalization of the normality criterion to
cyclotomic S-rings over Galois rings was obtained in [17].
4.4. Leung–Man theory
The following fundamental result gives a constructive characterization of S-rings over a cyclic
group. It was essentially proved by Leung and Man in [30,31]. Later it was strengthened in [14].
Theorem 4.8. Any S-ring over a cyclic group can be constructed from normal S-rings and S-rings of
rank 2 by means of tensor products and generalized wreath products.
The proof of Theorem 4.8 is quite complicated. To give a brief outline we need the following
definition.
Definition 4.9. An S-ringA over a group G is called dense if any subgroup of G is anA-subgroup.
Suppose first that an S-ring A over a cyclic group is not dense. Then it is either a non-trivial
generalized wreath product, or a tensor product one factor of which is an S-ring of rank 2 over a cyclic
group of composite order [31]. Now if A is dense, then it is either again a non-trivial generalized
wreath product or an orbit S-ring with trivial radical [30]. The final reduction is provided by the
following theorem proved in [14].
Theorem 4.10. The radical of an S-ring A over a cyclic group is trivial if and only if A is a tensor product
of a normal S-ring with trivial radical and S-rings of rank 2 .
Theorem 4.10 enables us to describe the structure of a basic set X in an S-ring A over a cyclic
group G: up to the radical, X is a Cartesian product of some orbit of a subgroup of the group Aut(G)
and subsets of the form H \ {e}where H is anA-subgroup of G (see [38]).
From Theorems 4.7 and 4.10 it follows that any S-ring over a cyclic group having a trivial radical
is Schurian. Due to Theorem 4.4 this shows that any non-Schurian S-ring over a cyclic group is a non-
trivial generalized wreath product. The classification of all these S-rings is still open.
The theory of S-rings over a cyclic group is far from being complete. For example, it is not known
how to describe the set of decompositions from Theorem 4.8. It would be also interesting to find
invariants of these decompositions.
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5. Applications of S-rings
5.1. Ádám’s conjecture
In 1967 A. Ádám conjectured that two Cayley graphs over a cyclic group are isomorphic if and only
if there exists a group automorphism mapping one graph to the other one [1]. It was quickly realized
that this is true for groups of prime order and fails in many other cases. (For exact references and the
history of the topic we refer the reader to [41,43].) It was a long standing problem to characterize
cyclic groups for which the Ádám conjecture is true. The final step was done by M. Muzychuk who
proved the sufficiency part of the following theorem.
Theorem 5.1 ([41,42]). The Ádám conjecture is true for a cyclic group G if and only if the order of G is
square-free or twice a square-free number.
Let G be a group and X, X ′ ⊂ G. Then any isomorphism f between graphs D = Cay(G, X) and
D ′ = Cay(G, X ′) is an isomorphism between the Cayley schemes C(G, X) and C(G, X ′) defined in (3).
If, in addition, ef = e, then f is also a combinatorial isomorphism between the S-rings A and A′
corresponding to these Cayley schemes. Thus,
Isoe(D,D ′) ⊂ Iso(A,A′)
where the left-hand side is a set of all isomorphisms from D to D ′ leaving the vertex e fixed. This
reduces the sufficiency part of Theorem 5.1 to a question on combinatorial isomorphisms of S-rings
over a cyclic group. In this case, Theorem4.2 allows us to assumeA = A′. Moreover, if the radical ofA
is trivial, then the required statement follows easily from Theorem 4.10. Otherwise, by Theorem 4.4,
the S-ring A is a non-trivial generalized wreath product, and one can apply the technique from [41,
42] to study the group Aut(A).
5.2. Isomorphism problem for circulant graphs5
Let G be a cyclic group of order n. If n is a square-free or twice a square-free number, then by
Theorem 5.1 we have
Cay(G, X) ∼= Cay(G, X ′) ⇔ {f ∈ Aut(G) : X f = X ′} 6= ∅
for any given X, X ′ ⊂ G. The set in the right-hand side consists of at most ϕ(n) = |Aut(G)| elements.
Therefore we have an efficient isomorphism test for Cayley graphs over such a group G.
For an arbitrary cyclic group G no simple condition is known that guarantees that Cayley graphs
over G are isomorphic [43]. The long standing problem of finding a polynomial-time isomorphism
test for such graphs was completely solved in [12] and independently in [36]. Both of the solutions
are heavily based on the theory of S-rings over a cyclic group. In this paper we discuss the second of
these solutions. (For the first one see [15].)
Denote by K the class of all dense S-rings over the group G each basic set of which is a coset
of a subgroup of G (depending on the set). Then, for any set X ⊂ G, there exists a smallest S-ring
A(G, X) ∈ K such that X is an A(G, X)-set. It turns out (and this is the most difficult part in the
proof) that
Cay(G, X) ∼= Cay(G, X ′) ⇔ IsoX,X ′(A,A) 6= ∅ (7)
for any X, X ′ ⊂ G with A(G, X) = A(G, X ′). Here A = A(G, X) and IsoX,X ′(A,A) is the set of all
isomorphisms from A to itself taking X to X ′. Moreover, for any S-ring A ∈ K there exists a set
P(A) ⊂ Iso(A,A) of cardinality at most ϕ(n) such that
{ϕf : f ∈ Iso(A,A)} = {ϕf : f ∈ P(A)} (8)
5 A circulant graph is just a Cayley graph over a cyclic group.
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whereϕf is the algebraic isomorphism induced by f . On the other hand, for each explicitly given group
G, each of the following two problems can be solved in time nO(1):
(P1) given a set X ⊂ G find the S-ringA(G, X),
(P2) given an S-ringA ∈ K find the set P(A).
Thus, due to (7) and (8) the isomorphism of two Cayley graphs over G can be tested in time nO(1).
In fact, any S-ring from the classK is a tensor product of p-S-rings over Sylow p-subgroups of G.
(An S-ring over a p-group is called p-S-ring if the cardinality of each of its basic sets is a p-power.)
Moreover, one can parameterize the p-S-rings over a cyclic p-group by means of keys which are
special lists of positive integers. (The number of keys depends only on the group order and equals the
Catalan number.) Therefore the problem (P1) is just to choose the appropriate key k for the set X . The
problem (P2) is also solved easily because the set P(A)whereA is the S-ring corresponding to k can
be explicitly computed. Thus the algorithm [36] can be considered as a criterion for the isomorphism
of circulant graphs.
5.3. Classification of CI-groups
Let G be a group. A subset X ⊂ G is called a CI-subset if, for each Y ⊂ G, the graphs Cay(G, X) and
Cay(G, Y ) are isomorphic if and only if the sets X and Y are conjugate by an element of Aut(G). A group
G is called a CI-group if each subset of G is a CI-subset. This notion was introduced and studied in [3]
in connection with the Ádám conjecture which states that any cyclic group is a CI-group. We refer the
reader to [33] for the current state of the classification of CI-groups.
Let D = Cay(G, X). It was proved in [2] that X is a CI-subset of G if and only if any two regular
subgroups of Aut(D) isomorphic to Gright are conjugate in Aut(D). It then follows that the question of
whether or not X is a CI-subset of G is, in fact, a question about the groupΓ = Aut(D). In particular, X
is a CI-subset of Gwhenever the S-ringA(Γ ) is a CI-S-ring whichmeans that, for any S-ringA′ over G,
we have
{ϕf : f ∈ Iso(A,A′)} = {ϕf : f ∈ Isocay(A,A′)}.
This idea was applied in [22] to prove that an elementary abelian group G of order p4 is a CI-group.
The first observation is that if Γ is the automorphism group of a Cayley scheme over G, then there
exists a p-group Γp ≤ Γ such that Gright ≤ Γp and
(Gright)f ≤ Γ ⇒ (Gright)f γf ≤ Γp
for any permutation f ∈ Sym(G) and an appropriate permutation γf ∈ Γ . Thus, the Schurian S-ring
A(Γ ) can be replaced by the Schurian S-ringA(Γp). However, sinceΓp is a p-group, the latter S-ring is
a p-S-ring. Therefore the required statement is a consequence of the following theorem, the involved
proof of which was given in [22].
Theorem 5.2. Each Schurian p-S-ring over an elementary abelian group of order pm, 1 ≤ m ≤ 4, is a
CI-S-ring.
It would be interesting to study p-S-rings over an arbitrary abelian group G. In particular, it is not
known for which G all these S-rings are Schurian. For an elementary abelian p-group of order p3 this
fact was proved in [48]. The statement seems to be true for any cyclic group.
5.4. Arc-transitive circulants
A circulantD is called arc transitive if the group Aut(D) acts transitively on its arc set. The problem
of classifying all arc-transitive circulants has been investigated for a long time, dating from the 1970s
(see [32] and references there). The complete solution of itwas obtained independently by Kovács [28]
and Li [32]. Both of the proofs are based on the theory of S-rings over a cyclic group.
Let G be a cyclic group, let X be a subset of G, and set D := Cay(G, X). Suppose that D is arc
transitive. Without loss of generality we may assume that D is connected. Denote by A the S-ring
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over G corresponding to the Cayley scheme C(G, X). If |rad(A)| = 1, one can use Theorem 4.10
to prove that the graph D is either complete or normal. The latter means that Gright is a normal
subgroup in Aut(D); in this case the structure ofD is known by Theorem 4.6. If |rad(A)| > 1, then by
Theorem 4.4 the S-ringA is a non-trivial generalized wreath product. In this case one can prove that
the graphD is the lexicographic product or deleted lexicographic product of a smaller arc-transitive
circulant by an empty graph.
5.5. A problem of A. Brouwer
Let q be a prime power, q ≡ 1 (mod 4). Given a finite field Fwith q elements set
D (q) = Cay(Gq, Xq)
whereGq = {a2 : a ∈ F×} and Xq = {a2 : 1−a2 ∈ Gq}. ThusD (q) is a Cayley graph over a cyclic group
of order (q− 1)/2 with connection set of cardinality (q− 1)/4. Clearly, Aut(F) ≤ Aut(Gq). Denote by
I the subgroup of Aut(Gq) of order 2 generated by permutation g 7→ g−1. In [8] Brouwer reduced the
problem of characterization of locally Paley graphs to the equality
Aut(D (q)) = Gq · (I × Aut(F))
and conjectured that it is true for all q. The affirmative answer to this conjecture was obtained in [44]
by means of the theory of S-rings over a cyclic group. Namely, due to (2) it suffices to verify that
Aut(Aq) = I × Aut(F)
whereAq is the S-ring overGq corresponding to the Cayley schemeC(Gq, Xq) defined by (3) forG = Gq
and X = Xq. However, it can be proved that |rad(Aq)| = 1. Therefore one can use Theorem 4.10 in
order to determine Aut(Aq).
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